Introduction
One dimensional diffusion processes have been increasingly invoked to model a variety of biological, physical and engineering systems subject to random fluctuations (cf., for instance, Blake, I. F. and Lindsey, W. C. [2] , Abrahams, J. [1] , Giorno, V. et al. [10] and references therein). However, usually the knowledge of the 'free' transition probability density function (pdf) is not sufficient; one is thus led to the more complicated task of determining transition functions in the presence of preassigned absorbing boundaries, or first-passage-time densities for time-dependent boundaries (see, for instance, Daniels, H. E. [6] , [7] , Giorno, V. et al. [10] ). Such densities are known analytically only in some special instances so that numerical methods have to be implemented in general (cf., for instance, Buonocore, A. et al. [3] , [4] , Giorno, V. et al. [11] ). The analytical approach becomes particularly effective when the diffusion process exhibits some special features, such as the symmetry of its transition pdf. For instance, in [10] special symmetry conditions on the transition pdf of one-dimensional time-homogeneous diffusion process with natural boundaries are investigated to derive closed form results concerning the transition pdf's and the first-passage-time pdf for particular time-dependent boundaries. On the other hand, by using the method of images, in [6] Daniels has obtained a closed form expression for the transition pdf of the standard Wiener process in the presence of a particular time-dependent absorbing boundary. It is interesting to remark that such density cannot be obtained via the methods described in [10] , even though the considered process exhibits the kind of symmetry discussed therein.
The purpose of the present paper is to make use of a variant of the method of 144 A. DI CRESCENZO, V. GIORNO, A. G. NOBILE AND L. M. RICCIARDI images in order to disclose new transition pdf s in the presence of time-dependent boundaries, as well as new first-passage-time pdf's, for a particular class of symmetric processes that also include Daniel's mentioned result for the standard Wiener process.
In the remaining part of this Section we shall establish the notation and state some preliminary results.
Let {X(t) t ^ t 0 , t 0 ^ R} be a time-homogeneous diffusion process defined over the interval I = (v lf v 2 
Proof It follows by a procedure similar to that exploited for Theorem 3.1 of [10] . Note that here the additional assumption is made that φ is a strictly decreasing function of x satisfying (1.4). Therefore, expression (1.5) of φ is now obtained in place of the corresponding expression given in [10] . Hence, for all x ^ / and t > r the symmetry function φ(x, t) is such that
The meaning of φ is illustrated by remarking that for a given symmetry curve r(i) and for all t> τ from (1.8a) and (1. 
Proof. First of all we check that (1.14) satisfies relation (1.
11). Since φ(x, f)
is a monotonic decreasing function of x, from (1.8a) we have:
Making then use of (1.8a), (1.9) and (1.15), from (1.14) one obtains:
One easily sees that (1.14) and (1.16) satisfy (1.11). Hence, (1.14) is in agreement with the assumptions of Lemma 1.1. We now prove that (1.13) implies (1.14). To this end we notice that due to (1.7), the left-hand-side of (1.13) satisfies the Fokker-Planck equation (1.2). Hence, we set
and impose that also the right-hand-side of (1.13), i.e. the product f(x, t\y, τ)
H(x, 11 y y T) , for t > r satisfies the Fokker-Planck equation
Since l"^-) ~^r and l~^r) r exist for all x, y e / and ί > r, making use \ ra / or \ 0ί / g χ 2 of (1.2), equation (1.18) becomes:
Due to (1.8a) we also have:
Hence, making use of (1.21) equation (1.20) becomes:
WVx,
Recalling Definition (1.5), from (1.22) Relation (1.13) follows. Note that our assumptions on the function Q(t, τ) insure the validity of (1.13) as / tends to τ. O
The nature of the function Q(t, τ) that appears in (1.13) is elucidated by the following corollary. 
where we have set In the sequel we shall confine our attention exclusively to strongly symmetric processes.
One absorbing boundary

Let y(t), u(t) and v(t) be symmetry curves such that y(t) < u(t) < v(t) [y(t) > u(f) > v(f)] for all t > r, where τ > t Q is a fixed instant. We denote by
Φι(x, t) and φ x {Xj t) the symmetry functions corresponding to u(t) and by φ 2 (x f f) Such an assumption implies that the symmetry curve v(t) is the "image" of the symmetry curve y(f) in the "mirror" u(f) via the symmetry function φ v If, for instance, for all t > r (r fixed) one has y(f) < u(t) < v(t), the conditions
u(t) < φ x {x y t) < v(t).
Let us now assume P{X(τ) = y(τ)} = 1 and let S(t τ) be a continuous function of t taking values in / for all t > τ. For all ί ^ r and x ^ / we set: Furthermore, making use of (1.13) and (1.23), a x ix, t\ y(τ), τ) can be written as
For all t > τ set (2.4) D(t) = W[y(t), u(t)], Q(t, τ) = D(t)D(τ) jf'-f^-, R(t, r) = and let
/<-» r-\
(2.8) a x (x y t\y(τ), τ) = fix, t\y(τ), τ) [l -c x exp{-Q( f τ) W[x, u(t)] W[y(τ), -c 2 exp{-Qα 2 τ)
W[x y v(t)] Wly(τ), v
Recalling (2.1), and making use of (1.9) and of the first equality of (1.21), from 
L
In order for o^Cr, t\ y(τ), τ) to be a transition pdf in the presence of an absorbing boundary Sit τ), the right-hand-side of (2.11) must be zero at x -Sit τ), non negative for all x < Sit τ) and yiτ) < lirm i τ S(f r) [x > Sit r) and
yiτ) > limt iτ S(t ;τ)]\ finally, it must satisfy the initial delta-condition. It is easy
to prove that all these conditions hold iff c x > 0, c 2 e R, \im t _+ +oo Δ x (t r) > 0
and Sit τ) is solution of (2.7).
• https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0027763000006140
We remark explicitly that the boundary S(t r), the solution of (2.7), is such that lirriί ι τ S(t r) = u(τ). In other words, for a fixed initial time r, starting from the symmetry curves u(t) and y(f), an absorbing boundary S(t τ) has been obtained, which approaches u(t) as t approaches r. It should be noticed the simplicity of the transition pdf in the presence of the absorbing boundary S(t r).
Such an expression follows from (2.6) or (2.8) for the entire class of strongly symmetric processes.
We now define the first-passage time through S(t r): Making then use of (1.7), (1.10) and (2.6), from (2.15) one has: From (1.7), (1.10) and (1.13) one obtains:
Γιnί{t:X(t) > S(t τ)}, X(τ) = y(τ) < u(τ)
where Uix, t, τ) is defined in (2.10) and
Furthermore, from (2.7) we have:
Calculating the integrals in (2.17) and making use of (2.19) and (2.21), relation (2.14) follows. The case yiτ) > uiτ) can be analysed in a similar way, with the proviso that Equation (2.15) is changed to
Assumption (3.1) implies that the symmetry curve v(t) is the "image" of the symmetry curve u(t) in the "mirror" y(t) via the symmetry function φ 0 . Hence, for
(t) < ψ o (x, t) < y(t).
Let us now assume P{X(τ) = y(τ)} = 1. Furthermore, let S^t r) and S 2 (t r) denote continuous functions of t, taking values in / for all t > T, such
For all t > τ and x ^ (S λ (t τ), S 2 (t r)) we consider the following functions:
Note that (3.2) and (3.3) define the transition distribution function and the transition pdf of X(t), respectively, in the presence of the absorbing boundaries S λ (t τ)
and S 2 (t τ). Recalling (3.1) and making use of (1.9) and of the first of (1.21), from (3.7) we obtain: The results outlined in Sections 2 and 3 for transition and FPT pdf s hold for the entire class of strongly symmetric diffusion processes. Of course, for individual processes belonging to such a class also other types of problems may be posed and solved by ad hoc methods (see, for instance, Example (a) of Section 4).
Examples
The practical usefulness of the results of Sections 2 and 3 will now be pointed out via some non-trivial examples. 
Hyperbolic process
Let 1 -λ exp{-2μx/σ 2 } 2 A^x) = μ -, A 2 (x) = σ , 1 + λ exp{-2μx/σ } / = (-oo y + oo) (μ e R, X > 0, σ > 0).
(t) = ct + d, u(t) = at+b, v(t) = 2u(t) -y(t) with a, b, c, d e R and y(t) < u(t) <υ(t) [y(f) > u(t) > v(t)]
